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Correction to RM-132): Statistical Theory of Navigation Employing
Independent Inertial and Velocity Mesasuremsntst
Minimum RMS Brror iu Computed Poasition

by P. Swerling and E, Keich

Ths fourth lius of Eqe (II.5), p. L, should read:

2
= lyyly, - L,
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SUMMARY

Analysis of nevigation systems employing independent inertial and
velocity measurements, vegun in Ref. 1, i3 continuad. Explicit formules
are given for minimnm rvs errar in computed position as & function «2
time of Flight. Curves based on these foarmulas are presented, showing

the resulte for a numbar of illustrative cazes.
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Symbol
«(%)

(t37)

<

OMEHDENTIAL

LIST CF SYMBOLS

Defini tion
vehicle position at time t
optimum ccmputast estimate of
x(t) based on ail the dalal
readings up to “ime T
Q(T;T)

alapsecd time since beginning of
flight

parameters describing instrument
error statictics

%(t37) - x(t)
X(131) - 2(T)
defined by Eq. (IT.1)
defined by Eq. (III.1)

accelerometer error
antesorrelation function

velocity dial error
autocarreiation function

frequency of earth's radius pendulum

defined by Eq. (II.L)
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i. INTRODUCTION

This report iz an extereicn of the werk begun in Ref. 1. Tals is not
a Bulf-contained raport; rather, & reading of Ref. 1 is a necessacy basls
for the understanding of the following material., Hepet.tion of expository
material and results obtained in Ref. 1 will be kept to a minimum,

The major results of Ref. 1 were obtained Zor two canes, vizs

Caﬂﬁ l ¢B(5,t) b Yl

Case 2 Fola,t) = v,
where ¢B(s,t) and ¢V(s,t) are the autocorrelation functions of the accelaro-
meter dial error and the velocity dial error, respectively. Formilas wera
derived for the optimum method of position computation in each casej also,
formlss were glven by means of which the rms error in computed positicn as
a functdon of time of flight could be derived,

In the following pages, the actual formulas for rms error in computed
positior. will be giveny also, computations based on these formilas will be
given for a mumber of i1llustrativs cases,.

As in Ref. 1, lot, for 0 5 ¢ = T,

x(t) = true position at tims t
Q(t;l‘) = optimum computer's estimave of x(t), based on all the
dial readings up to time T.

Denote X(T3T) simply by (7).
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CONFIBENTIAL

Also let

/,k(tsT.‘ = %{43T) - x(t)

. { "z .
J/J\((T‘ .-&\(T)T) x(r) - X('I)

and

2 ,
(1.2) SQ(t;T) ® [.x(t;’l‘) - x(t)]z

the mean being taken over an ensemble of flights,
Ae in Ref. 1, the following notation is used for description of the

dlal error atatistice:

i
CB(‘L) accelerometer dial error
Ly(®)

SJI = independent initial position dial error
0

voelocity dial error

éx, e independent initial velocity dial error
o)

'The ensomble maans of all thess ercors are zeroj also

2 2
(1.3) - Coy, =
Exo Y oty
and
(1.1) B(a,0) = Lg(a) Ly(t)

Bo(s,8) = Cola) C(8)

(A1l averages are taken over en ensemble of flights,)
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1I. CASE 1: ,JB(a,t.) "

Let 9=t %) -+t ) = Tuen equally spaced time points in :
the interval (0,7). Let

- -
(11.1) '31‘1;’ = I—Gv(ti, t,J)J {(matrix inverse)

[:An]n = _(lzi 31.1 sin (| t, sin Dtj

(11.2) [Alz] -0 i 313 sin ()¢ cos _('th

=D 1,3%0

\—_ >
[Azz]n - / 5“’ cos () t’i cos _m.td

ond

by = Ma iy

D—‘r:ol- n

r -
(11,3) A, ® lm ‘Aul

Q—opc - N

« Ln (A,
2!
| I Lz‘_‘n

Ayo

The quantities Lll’ AL-" A22 are functions of T,
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iefervrce 1 yave formias (kgs. 111,16, IT1.17', ITI.20 of i~f. 1)

% from which could be deriwsd the formula for é,é(t;T). The result can be

expressed as followst

Let
z Yy
5 _'H'Y3
(I1.4) o o=
Tl .y
(‘iﬂ 3
and
r
i - ~ 1
Iy =t g
- + v
_6_‘5 3
B
{(11.5) < Ly, =hy,

1
’ b =22 T "

K A'Lul‘m"l‘gz

Then, for 0 & ¢ £ 1,

2 2
(I1.6) E/x\(trr) T %- {1.22 (cos Q4 - %)
{

atp (1t

+ cos {1t = B
21.12 ‘oe 4 ) 9

. anﬂt}
o 9]

COKEIDENTIAL




CONFIBENTIAL

Tne quanti v E/

- i fz’ \ .
AT [ x([‘) - x(1 , is equal to p.{‘\T;T,. Thus

(I.61)

These formulas hold for any ¢V(s,t).

In Ref. 1, explicit expressions wers obtalned for All’ A’.LZ’ A22 for the

cane:
gt
(11.7) Bils,t) = v, + pze-u"’l ’
The results uers
(11.81) Q(”(l AN : 9} 20}
IT.81 i + -5 leatn2'(T
e (T e

+ atn? {7

252
2-0-(12'1‘4--—_

) [;21\1 - ces QT) + 8in QT]Z E
7 )
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COMHIBENTIAL Pt

=(rm

- ] - i
leye= (1 =~ cos 2 iT) + gin _xL'I‘l [2—81!‘1 LiT+ 1+ cos f]T'k
gk J Lil R

B
2
T + —=<
2 (e -~

~

2 +a

(1I.8141)
1 fﬂ. N

AN V2 \
. ( 2 ({ . 2 N
Agg -23-2- %= 1+ \+ml——%)sint(LT+l*cos flT
\ %/ : &
2.
. p - \
[%ain f2T+l*cos .QT:I i
S %%, /
pretty J
(72 1/2
In Figs., 1-7 are shown curves of thtla quantity 6;{,” ar a
- a,]8-1 - '
f\metion of T for ¢V(s,t) =Y, * fye 2 . Each curve is determined

by specification of the six statistical parametars Tyr Yo Tys W) Gy Bz.

The following table gives the parameter values associated with each
curve.

One word of explanation arout the table is in order: an interesting
cagse i3 the case in wiich the velocity dial error contains a "white noise"
component. This can be obtained by letting a,— < and -i—z—) 7{,2 in Eq. (I1.7).
The exponential component of the velocity dial error then approaches vhite

ncise with sgpectcal density kz per cycle,
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-

T, the {ollowinp table, the units for the varicois arameters are
3 ’ p

ge folliwy:

(nantical miles)2 (hours)‘h
(nautical mlens).2 (hours)_z
(nauticel mileus\2

(nauti cal ntilea)2 (hcn.\rts)"2

(hours)‘l

(nautical miles)“ (b.oure;)"2

The individual curves in Figs. 1-7 are identified by circled numbers.

The parameter values associated with sach curve are as followas

Curve No.| ¥y ) ll ¥y ! Y, ag__j Py Ilim iﬂ
1 0.0 | 1.0 | ,0010 9.0 | Lo | o0 00010
2 50,0 1,0 { Q010 e J' - . o0 }.0010
5 3 50,0 20 | .10 9.0 | —yo0 L yeo 10010
i b
L 0,00 Q0 120 9.0 oo | —oo [.0010
5 0,00 .10 | .10 { 9.0 oo 1 oo [J10
6 10.0 1.0 .010 i 1.0 | 5 oo [ — 00 (1.0
! 7 0,00 1.0 10 1.0 - o0l —scoj 0
' 8 50.0 200 1.0 % 25.0 | .60 fLzooo |
9 | 50.0 | 200 (1.0 [ 25.0 | .60 | 800
10 | s0.0 200 11,0 | 25,0 | 1.80 800
11 50.0 20 | oo oo | 2480 . B0
12 | 0.0 | 20 | 9.0 | ko | 1.0 | 2000
C 13 | s0.0 200 T 90 w0 | .20 | 2000
W 50.0 200 9.0 oo 10.0 " 2000
lo1s 50.0 200 9.0 40O 1 1000 2000 |
&

-
o

g
|

-
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As in Case 1, let U

points in (0,T).

Let

(111.1)

Also let

(111.2)

and

(111.3)

CORFIBENTIAL

JJi. CASE 2: ﬁv(u,t) =y,

- hl s - =1

AR

n=1

L st

[“n.ln ) oy
1,3=0

1

[“RJ,, =) gy
i,j=c

i =

I -

L‘zz]n 2 [1_3_.6 nyy by by

b - e ]
T

bt e [hg

Azz ) n%i:p L522Jn

The quantities All’ Aoy A,, are fvnctions of T,
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fereronce 1 gave formulas (agg. 1V.lu, IV.15, IV.17 of nef. 1) from

2
whnicn could be derived the forrmla for E,/J‘(\(t;r). The rasult can be expressed

a3 {wllows:
Let

1
K. = [ S
Kl.L L 73

Y

u 1.1
K22 A’ZZ * Y5 * ),
\. A - i _ 2
\ Ky Ko - Ko
Thez, for 05 t% 1,

{
z\

—
(111.5) Lpesm) = 39 By - 2Ky b0 By tO
J

and therefore

b S (
I ' . - .].'. - ’
(ITI.5") - 3(1) AQ Kop = 2Ky T+ Kpg 7%

( J

Thepe formmlas hold for any ¢B(a,t).
In Ref. 1, explicit expressions were ocbtained for A’l_l’ AZ\?’ A22 for

tha case

ls-|
(I11.6) Bola,t) = vy + Bye

CONFIDENTIAL

!




CONFIDENTIAL et

17w
e oresulte sera
L l
o D20y T) ‘ ) :
| SONEW .'".11 - vw?pl 1 - _.-—.___.27;1__—-_ I
| b T2+, 1] |
r
fzh(Z*an) T | 1 ‘]
(ITI.744) A [ 1 - —
12 By 1—:_7‘51—‘ |
| Yl(z’“l")_l
Noo| 1
(1I1.7141) T G PR G WS itk 1l
e SRR A I R
\ e T
F—11/2
In Figs. B8-~10 are shown curves of[ Q(T) as a function of T
J
-allu-tl .
for ¢B(e,t) =y * B . Each curve is dstermined by spacification

of the six statistical parameters Yyr Yoo Y30 M O pl'

An interesiing case is the case in which the accelerometer dial error
contains & "white nolse" component. This can be obtained by leciing e
and %-’%l in Eq. (11X.4). The exponential component of the acceleromster

dial errar then approaches whits noise with spectral density 7{] per cycle.
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In the Tollowing table, the units for the various parametsr: are ag

;

; follows;:

Ty (nauzical L'-ilea)2 (h:ur:a)'h
: . . 2 (- =2
! Yy ! {(nautical miles)“ (h:ours)
:

5 Nndr At |

Tyt (nautical miles)
. 2 -2
T, ! (nauti =’ mles)” (hours)

(houre )-1

S =
3

) 2 =
Pyt {nauticul miies,” (hours) L

The paramster velues ass.ciaied u.th sach curve in Figs, 8-10 are

ws follows:

| “1;— ﬂl
et n v Ly e | h g
TR LE'" } =
h ’ T o i
: 11 50.0 | 1.0, a0 !o1.0 300 | oo .20
| ) ¢
1 - L
2 0.00 Lo 1 .20 1 9w | S | oo .20
g - N R N
I
i 3 0.0u 1 a0 % 10 800
i
! - T
. L 50.0 1.0 AC 1 1.0 b 10 100
' !
; i -
3 25.0 | 1000 ' 1.0 { a5 . 10 25.0 |
; L i | 5
] | I ) |
‘ (10 50,0 ’
e i - i I i
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